In this paper we study relations among the numbers fi. It is shown that f0; f1; : : : ; f b d?3 2 c determine the other numbers via linear relations, and that there are additional non-linear relations. In more precise (and more technical) terms, our analysis shows that f is linearly determined by a certain M-sequence (g0; g1; : : : ; g b d?1 2 c ), namely the g-vector of the (d ?2)-sphere bounding T. Although T is in general not a cone over its boundary, it turns out that its f-vector behaves as if it were.
1. Introduction A construction appearing in the work of H. Scarf and coauthors Sc1, BHS, BS] shows a way to associate with su ciently generic real (d+1) d matrices A a certain abstract simplicial complex . This \big Scarf complex" is in nite, with Z d as its set of vertices and with the group Z d acting on it. It is however locally nite, and the choice of one of A's row vectors as priviliged determines a certain nite subcomplex T of the link of at the origin. This \small Scarf complex" is a triangulation of a (d ? 1)-dimensional ball, and its faces are in bijection with the orbits of the Z d -action on .
Let f i be the number of i-dimensional simplices of the complex T. It was empirically observed by H. Scarf that all the face numbers f i seem to be determined by f 0 alone for d = 3 and d = 4, and by f 0 and f 1 when d = 5. This led him to ask Sc2] whether it is true that in general f 0 ; f 1 ; : : :; f b d?3 2 c determine the other f i -numbers. The main purpose of this paper is to prove that this is true. The proof will show that the face numbers of T are determined by the face numbers of its boundary. This boundary is a (d?2)-dimensional Partially supported by the G oran Gustafsson Foundation for Research in Natural Sciences and Medicine, and by the KTH{Yale Collaboration Grant. 1
sphere, and relying on the Dehn-Sommerville relations among the face numbers of spheres we reach the conclusion. From a realization of the big Scarf complex as a polyhedral surface, due to B ar any, Howe and Scarf BHS] , one can glean the information that the boundary of T is isomorphic to the boundary complex of a convex polytope. Via the work of Stanley St1] this introduces further relations of an algebraic nature on the face numbers of T, namely non-linear inequalities of Macaulay type. The construction of the Scarf complexes and T will be reviewed in Sections 2 and 3. Let us here for motivation brie y mention the reasons for their study. The complexes were introduced by Scarf Sc1] for purposes having to do with integer programming. In fact, he de ned such complexes for n d real matrices A that are su ciently generic. In this paper only the n = d+1
case will be considered. The relevance for integer programming is that the 1-skeleton of provides a complete test set for integer programs of the form minimize a 0 x subject to a i x b i ; i = 1; : : :; d; where a 0 ; : : :; a d are the row vectors of the matrix A. Namely, if a point x 0 2 Z d is in the feasible region and if a local minimum is achieved at x 0 (meaning that no improvement of the objective function can be attained at anyneighbor of x 0 ), then x 0 is a global minimum. Furthermore, the -neighbors of x 0 in the direction of decreasing objective function are determined by the vertices of the small Scarf complex T. The higher-dimensional structure of is very interesting mathematically; its meaning for integer programming is however more elusive, see e.g. SS] for a result in this direction.
Scarf complexes have recently become of interest also in commutative algebra, due to the work of Bayer, Peeva and Sturmfels BPS, BaS, PS] on free resolutions. Since the numbers f i studied in this paper have algebraic meaning in that setting we want to outline the connection. This will be done only for the case of a su ciently generic (d + 1) d integer matrix A, although their work is more general. 2. The big complex In this section we will review some de nitions and general properties that are needed. Full details about this material can be found in B ar any{Howe{ Scarf BHS] Although the convex hulls of 's facets in general intersect in complicated ways, it turns out that the geometric realization of is homeomorphic to real d-space. This was shown by B ar any, Howe and Scarf BHS] . Some details of their method of proof will be needed later, so we review them here. 
, and let C be the convex hull of V (which is a discrete set). De ne F C to be a face of C if there exists a closed halfspace H in R d+1 with bounding hyperplane H 0 such that C H and C \ H 0 = F. The 0-dimensional faces are the points of V (and thus they correspond bijectively to the lattice points Z d ).The higher-dimensional faces of C are described as follows, for large enough t. (1) This action is transitive on vertices. Hence, to study the local structure of the complex it su ces to con ne attention to the neighborhhood of the origin. Let L def = f 2 j 0 = 2 ; f0g 2 g de ne the link of at the origin. The vertices of the subcomplex L are precisely the neighbors. Because of condition (A3) the set N splits into negative neighbors N ? def = fn 2 N j a 0 n < 0g; and positive neighbors N + def = ?N ? . The subcomplex T def = f N ? j f0g 2 g of L is called the top complex, a terminology suggested by Scarf Sc2] . Its dependence on the choice of a 0 , via the de nition of N ? , will be discussed at the end of this section.
The top complex T has been studied by H. Scarf since many years and its properties will be discussed in a forthcoming treatise Sc3]. To make this paper self-contained we will give proofs of the key technical properties of T that are needed here. We refer to Sc3] for a fuller treatment.
Proposition 3. The mapping sending fx 1 ; : : :; x j g to the orbit of f0; x 1 ; : : :; x j g is a bijection between the (j ? 1)-faces of T and the Z d -orbits of j-faces of .
Proof. Let be a j-face of . Choose u 2 R such that the halfspace a 0 x u contains while the plane a 0 x = u intersects . Let x 0 be the unique intersection point (unique due to genericity). Then the translate ? x 0 = f0; x 1 ; : : :; x j g has the property that a 0 x i < 0 for i = 1; : : :; j, i.e., fx 1 ; : : :; x j g 2 T. Hence, the mapping is surjective. Injectivity is clear. The following result will be important for our work with face numbers in the next section. This point x will be unique (due to genericity), it will be a neighbor, and it will satisfy I + (x) = fjg. This contradiction shows that k > (d+1) p , and since p j for all j 6 = k we are done.
Lemma 9. Let After this review, we now turn our attention back to Scarf complexes. The f-vectors of L, T and @T will be denoted f L , f T and f @T , and similarly for their h-and g-vectors.
(ii) h L i = (i + 1)h T i + (d ? i + 1)h T i?1 ; Proof. Let be an i-simplex of T. Then f0g is an (i + 1)-simplex of . Each one of the i + 2 vertices of f0g can be translated to the origin, and its i + 2 maximal faces thus contribute distinct i-simplices to L. The proof of part (i) is concluded with the observation that every i-simplex of L is obtained from a unique i-simplex of T in this fashion.
To simplify notation, for the rest of this proof put f def = f T and h def = h T .
For part (ii) we begin by di erentiating equation (2) (6) gives:
The following is our main result. 1. The property of being a ball with a unique interior vertex does not by itself imply any special relationship between the f-vector of T and that of its boundary, such as that of Corollary 14. For example, take two tetrahedra glued together along one triangle and then perform a stellar subdivision of one of them, thus introducing an interior vertex. The resulting ball has 5 facets, whereas its boundary has 6. One can also construct a unique-interiorvertex triangulation of the 3-ball with 7 facets, whose boundary is the same 6-facet 2-sphere.
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